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^ ' Abstract: We address the problem of extending an original field Lagrangian to ghosts and 

Q ■ antifields in order to satisfy the master equation in the framework of the BV quantization of 

| 7 | ■ Lagrangian field systems. This extension essentially depends on the degeneracy of an original 

^ ! Lagrangian whose Euler-Lagrange operator generally obeys the Noether identities which 

^ I need not be independent, but satisfy the first-stage Noether identities, and so on. A generic 

' Lagrangian system of even and odd fields on an arbitrary smooth manifold is examined in 

>• ■ the algebraic terms of the Grassmann- graded variational bicomplex. We state the necessary 

^ . and sufficient condition for the existence of the exact antifield Koszul-Tate complex whose 

O i boundary operator provides all the Noether and higher-stage Noether identities of an original 

^ I Lagrangian system. The Noether inverse second theorem that we prove associates to this 

i/^ • Koszul-Tate complex the sequence of ghosts whose ascent operator provides the gauge and 

O ■ higher-stage gauge supersymmetries of an original Lagrangian. We show that an original 

^ . Lagrangian is extended to a solution of the master equation if this ascent operator admits a 

^ ', nilpotent extension and only if it is extended to an operator nilpotent on the shell. 

^ ■ 

■ 1 Introduction 
• ^ , 

^1 As is well known, the Batalin-Vilkovisky (henceforth BV) quantization of a Lagrangian field 
' system essentially depends on the analysis of its degeneracy [2, 8, 16, 20]. A Lagrangian 
system is said to be degenerate if its Euler-Lagrange operator obeys non-trivial Noether 
identities. They need not be independent, but satisfy the first-stage Noether identities, 
which in turn are subject to the second-stage ones, and so on. The hierarchy of reducible 
Noether identities characterizes the degeneracy of a Lagrangian system in full. The Noether 
second theorem states the relation between the Noether identities and the gauge symmetries 
of a Lagrangian system. If Noether identities and gauge symmetries are finitely generated, 
they are parameterized by the modules of antifields and ghosts, respectively. An original 
Lagrangian is extended to these antifields and ghosts in order to satisfy the so-called classical 
master equation. This extended Lagrangian is the main ingredient in the BV quantization 
procedure. 

It should be noted that the notion of reducible Noether identities has come from that of 
reducible constraints. Their Koszul-Tate complex has been invented by analogy with that 
of constraints [12] under a rather restrictive regularity condition that field equations as well 
as Noether identities of arbitrary stage can be locally separated into the independent and 
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dependent ones [2, 12]. This condition has also come from the case of constraints locally 
given by a finite number of functions which the inverse mapping theorem is apphed to. A 
problem is that, in contrast with constraints, Noether and higher-stage Noether identities are 
differential operators. They are locally given by a set of functions and their jet prolongations 
on an infinite order jet manifold. Since the latter is a Prechet, but not Banach manifold, the 
inverse mapping theorem fails to be valid. 

Following the general notion of Noether identities of differential operators [6, 24], we 
here address a generic degenerate Lagrangian system of even and odd fields on an arbitrary 
smooth manifold. Dealing with odd fields, we follow the algebraic description of Lagrangian 
systems in terms of the Grassmann-graded variational bicomplex [2, 5, 18]. Theorem 2.2 
provides its relevant cohomology. 

We show that, if Noether and higher-stage Noether identities are assumed to be finitely 
generated and iff a certain homology regularity condition (Definition 3.6) holds, one can 
associate to the Euler-Lagrange operator of a degenerate Grassmann-graded Lagrangian 
system the exact Koszul-Tate complex (3.33) of antifields whose boundary operator (3.34) 
provides all the Noether and higher-stage Noether identities of an original Lagrangian system 
(Theorem 3.7). 

The Noether second theorem relates the Noether and higher-stage Noether identities to 
the gauge and higher-stage gauge symmetries and supersymmetries of a Lagrangian system 
[4, 5, 15]. We prove its variant (Theorem 4.1) which associates to the above mentioned 
Koszul-Tate complex the sequence (4.4), graded in ghosts, whose ascent operator (4.5) 
provides gauge and higher-stage gauge supersymmetries of an original Lagrangian system. 
We agree to call it the total gauge operator, acting both on original fields and ghosts. This 
operator need not be nilpotent. If it admits a nilpotent (resp. nilpotent on the shell) 
extension, one can say that gauge and higher-stage gauge supersymmetries of an original 
Lagrangian system constitute an algebra (resp. an algebra on the shell). 

Extending an original Lagrangian system to the above mentioned ghosts and antifields, 
we come to a Lagrangian system whose Lagrangian can satisfy the particular condition 
called the classical master equation (Proposition 5.1). We show that an original Lagrangian 
is extended to a nontrivial solution of the master equation only if the above mentioned total 
gauge operator (4.5) is extended to an operator nilpotent on the shell (Theorem 5.2) and if 
this operator admits a nilpotent extension (Theorem 5.3). 

Note that the proof of Theorem 5.3 appeals to the above mentioned homology regularity 
condition, and states something more. Given a nilpotent extension (4.16) of the total gauge 
operator, a desired solution of the master equation is obtained at once by the formula (5.22) 
(or (5.23)). It is affine in antifields, and this fact is essential for the further gauge fixing 
procedure. We thus may conclude that the study of a classical Lagrangian field system for 
the purpose of its BV quantization mainly reduces to constructing the total gauge operator 
(4.5) and its nilpotent extension. 

In Section 6, an example coming from topological BF theory is examined in detail. It is 
a reducible degenerate Lagrangian system whose total gauge operator is nilpotent and, thus, 
provides an extension of the original Lagrangian (6.1) of the topological BF theory to the 
solution (6.10) of the master equation. 
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2 Grassmann-graded Lagrangian systems 

We describe Lagrangian systems of even and odd variables in algebraic terms of the Grassmann- 
graded variational bicomplex [2, 5, 18], generalizing the well-known variational bicomplex 
for even Lagrangian systems on fiber bundles [1, 17, 25]. 

Remark 2.1. Smooth manifolds throughout are real, finite-dimensional, Hausdorff, second- 
countable (hence, paracompact) and connected. Graded manifolds with structure sheaves of 
Grassmann algebras of finite rank are only considered. By A, S, S, are denoted symmetric 
multi-indices, e.g., A = (Ai...Afc), A -|- A = (AAi...Afe). By a summation over a multi-index 
A — (Ai...Afc) is meant separate summation over each index A,. 

Let y — > X, dimX = n, be a fiber bundle. The jet manifolds J^Y of its sections form 
the inverse system 

X^Y*^J^Y< r-^Y^'^rYi , (2.1) 

where 7rJ!_]^ are affine bundles. Its projective hmit {J°°Y; : J°°Y — > J^Y) is a paracompact 
Prechet manifold. A bundle atlas {{Uy] x^, y')} of y — > X induces the coordinate atlas 

0<|A|, (2.2) 



of J°°y, where d\ are total derivatives. The inverse system (2.1) yields the direct system 

o*x ^ o*Y ^ oiY — o;_iY o;y — (2.3) 

of graded differential algebras (henceforth GDAs) 0*Y of exterior forms on X, Y and jet 
manifolds J^Y with respect to the pull-back monomorphisms vr^_i*. Its direct limit is the 
GDA Ol^Y of all exterior forms on finite order jet manifolds modulo the pull-back identifi- 
cation. The GDA O^^Y is spht into the above mentioned variational bicomplex describing 
Lagrangian systems of even fields on a fiber bundle Y ^ X. 

Treating odd fields, we appeal to forthcoming Theorem 2.1, which is a corollary of the 
Batchelor theorem [3] and the Serre-Swan theorem for an arbitrary smooth manifold [19, 23]. 

Theorem 2.1. A Grassmann algebra A over the ring C°°{Z) of smooth real functions on 
a manifold Z is isomorphic to the algebra of graded functions on a graded manifold with a 
body Z iff it is the exterior algebra of some projective C°°{Z)-module of finite rank [6]. 

Recall that the above mentioned Batchelor theorem states an isomorphism of a graded 
manifold (Z, 21) with a body Z to the particular one {Z, 21q) with the structure sheaf 21q of 
germs of sections of the exterior bundle 

z z z 

where Q* is the dual of some vector bundle Q ^ Z. In field models, Batchelor's isomorphism 
is usually fixed from the beginning. Let us call {Z, 21q) the simple graded manifold modelled 



{im-\UYy,x\y\)}, 

0<|AI 



n 

y A+A 



C^A = C^Ai o • • • o dx^, 
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over Q. Its ring Aq of graded functions consists of sections of AQ*. The following bigraded 
differential algebra (henceforth BGDA) S*[Q\Z] is associated to {Z^%q) [3, 19]. 

Let 521(3 be the sheaf of graded derivations of Stg. Its global sections make up the real 
Lie superalgebra iiAq of (left) graded derivations of the M-ring Aq^ i.e., 

u{ff) = u{f)f + (-l)M[/l /„(/'), /, /' e ^Q, ue 1>Aq, 

where the symbol [.] stands for the Grassmann parity. Then the Chevalley-Eilenberg complex 
of 'CiAq with coefficients in Aq can be constructed [13]. Its subcomplex S*[Q\ Z] of ^Q-linear 
morphisms is the Grassmann-graded Chevalley-Eilenberg differential calculus 

Q^^^ Aq^S\Q-Z]^---S''[Q-Z]^--- 

over a Z2-graded commutative R-ring Aq [19]. The graded exterior product A and the 
Chevalley-Eilenberg coboundary operator d make S*[Q] Z] into a BGDA 

0A0' = (-1)I*II'^'I+['^1['^V A0, rf(0A0O = #A0' + (-1)I'^|0A#', (2.4) 

where [.[ denotes the form degree. Note that S*[Q;Z] is a minimal differential calculus 
over Aq, i.e., it is generated by elements df,f& Aq. There is the natural monomorphism 
0*Z ^ S*[Q;Z]. 

One can think of elements of the BGDA S*[Q; Z] as being graded exterior forms on a 
manifold Z as follows. Given an open subset U G Z, let Au be the Grassmann algebra 
of sections of the sheaf Stg over U, and let S*[Q; U] be the Chevalley-Eilenberg differential 
calculus over Au- With another open subset U' C U, the restriction morphism Au Au' 
yields a homomorphism of BGDAs S*[Q;U] S*[Q;U']. Thus, we obtain the presheaf 
{[/, S*[Q; U]} of BGDAs on a manifold Z and the sheaf 6*[Q; Z] of BGDAs of germs of this 
presheaf. Since {U, Au} is the canonical presheaf of Stg, the canonical presheaf of &*[Q; Z] is 
{U, S*[Q; U]}. In particular, S*[Q; Z] is the BGDA of global sections of the sheaf 6*[Q; Z], 
and there is the restriction morphism S*[Q; Z] — > S*[Q] U] for any open U (Z Z. 

Due to this restriction morphism, elements of S*[Q;Z] can be written in the following 
local form. Given bundle coordinates {z-^, q"') on Q and the corresponding fiber basis {c"} 
for Q* X, the tuple (2;^, c") is cafied a local basis for the graded manifold (Z, 51q). With 
respect to this basis, graded functions read 

/ = E^/ai...a.c''^---c"'=- fa,...a,eC^{Z). (2.5) 

Due to the canonical spfitting VQ — Q xQ, the fiber basis {da} for vertical tangent bundle 
VQ ^ Q oi Q ^ Z is the dual of {c"}. Then graded derivations take the local form 
u — u^Oa + u^da, where u^jU"" are local graded functions. They act on graded functions 
(2.5) by the rule 

uifa^MC"" • • • C^) = U^dA{fa...by ' ' ' c' + u'^fa^M (c" • • • c"). 

Relative to the dual bases {dz^} for T*Z and {dc''} for Q*, graded one-forms read = 
(pAdz^ + (padd^. The duality morphism and the graded exterior differential d take the form 

u\(f)^ u^(pA + (-l)^'^"l'u"0a, d(p = dz^ A dA(p + dc" A 40. 
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Remark 2.2. One also deals with right graded derivations u of graded functions and the 
right graded exterior differential d- They read 

= /u(/') + (-i)N[/'] u(/)/', /,/' e Aq, 

U(/) = dAif)u^ + ddifV, dd{fa...bC'' ■■■C')= /„...5(C« ■■■C") [dd, 

d(</.) = dA{(l>) A dz^ + da{(t>) A dc\ (j> e S*[Q] Z\. 

If y — >■ X is an affine bundle, the total algebra of even and odd fields has been defined 
as the product of the polynomial subalgebra of the GDA O^^Y and some BGDA of graded 
exterior forms on graded manifolds whose body is X [5, 18]. Since Y ^ X here need not 
be affine, we consider graded manifolds whose bodies are Y and jet manifolds J^Y [6]. This 
definition of jets of odd fields differs from that of jets of a graded commutative ring [19] and 
jets of a graded fiber bundle [21], but reproduces the heuristic notion of jets of odd ghosts 
in the Lagrangian BRST theory [2, 10]. 

Given a vector bundle F — > X, let us consider the simple graded manifold {J'^Y,^f^) 
modehed over the pull-back Fr = J^Y Xx J^F onto J^Y of the jet bundle J^F X. There 
is an epimorphism of graded manifolds 

regarded as local-ringed spaces. It consists of the surjection tt^"*"^ and the sheaf monomor- 
phism 7r^+^*2li,v ^f^+i: where TT^~^^*QlFr is the pull-back onto J^+^y of the topological fiber 
bundle Qipr ~^ J^Y . This sheaf monomorphism induces the monomorphism of the canonical 
presheaves %Fr ~^ ^Fr+i, which associates to each open subset U C J^~^^Y the ring of sec- 
tions of over 7r^'^^{U). Accordingly, there is the monomorphism of graded commutative 
rings Apr ^ "^^V+i- Then this monomorphism yields the monomorphism of BGDAs 

S*[Fr; rY] S*[Fr+i; r+'^Y]. (2.6) 

As a consequence, we have the direct system of BGDAs 

S*[Y xF;Y]^ S*[Fi; J^Y] ■ ■ ■ 5*[F,; J'Y] ■ ■ ■ , (2.7) 

whose direct limit S^[F] Y] is a BGDA of all graded differential forms on jet manifolds J^Y 
modulo monomorphisms (2.6). Its elements obey the relations (2.4). The monomorphisms 
0*Y S*[Fr; J'^Y] provide a monomorphism of the direct system (2.3) to the direct system 
(2.7) and, consequently, the monomorphism 0*^Y — > Sl^[F]Y] of their direct limits. In 
particular, 5^[F; Y] is an C»^y-algebra. 

It is the BGDA 5^[F; Y] which provides algebraic description of Lagrangian systems of 
even and odd fields. If F — > X is an affine bundle, we recover the BGDA introduced in [5, 18] 
by restricting the ring O^Y to its subring V^Y of polynomial functions, but now elements of 
»S^[F; Y] are graded exterior forms on J°°y. Indeed, let &*[Fr] J'^Y] be the sheaf of BGDAs 
on J^Y and 6 [F^; J'^Y] its canonical presheaf whose elements are the Chevalley-Eilenberg 
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differential calculus over elements of the presheaf 21^^. Then the presheaf monomorphisms 
21f^ ^ ^Fr+i yield the direct system of presheaves 

e*[Y X F; Y] ^ ©*[Fi; J^Y] ■ ■ • e*[F,; J'Y] ■ ■ ■ , (2.8) 

whose direct limit is a presheaf of BGDAs on the infinite order jet manifold 

J°°F. Let %*^[F;Y] be the sheaf of BGDAs of germs of the presheaf &lJ[F;Y]. The 
structure module r(T^[F; Y]) of sections of '^lo[F; Y] is a BGDA such that, given an element 
e r(T^[F;y]) and a point z e J°°Y, there exist an open neighbourhood U oi z and a 
graded exterior form ^^'^^ on some finite order jet manifold J'^Y so that (plu — '^'k'*<l>^''^\u- In 
particular, there is the monomorphism Y] — > r(Tj^[F; Y]). 

Due to this monomorphism, one can restrict S^[F; Y] to the coordinate chart (2.2) and 
say that S^[F; Y] as an O^F-algebra is locally generated by the elements 

(1, cl, dx\ ei = del - cl+Kdx\ ei = dyi - yU^dx^), < |A|. 

One call (t/*, c") the local basis for Y]. We further use the collective symbol s-^ for its 

elements, together with the notation s^, 9^ — dsf — s'^^j^^dx^, and [^4] = [s^]. 

Remark 2.3. Given local graded functions and a graded form there are useful relations 
E (-l)l^lciA(/^$) = E r/(/)%$, (2.9) 

0<|A|<fc 0<|A|<A; 

riift- E (-l)l^^^lqaA|CiI:/^+^ Ct^-rr^,. (2.10) 

0<|E|<fc-|A| "■V'^ 

{rior^){f)^ = f\ (2.11) 

The BGDA is decomposed into 5^[F; y]-modules S^[F;Y] of A;-contact and 

r-horizontal graded forms 

= E ^m:X,...,MI a • • • a < a dx'^^ A . . . A e F], 

0<|Ai| 

Accordingly, the graded exterior differential d on S^yF] Y] falls into the sum d = dn + dy 
of the total and vertical differentials where 

dnohk^hkodo hk, dni^') = dx^ A dx{4'), dx^dx+ E ^a+a^a- 

0<1A| 

With the graded projection endomorphism 

Q=Eh°hkoh\ g{<P)= E(-l)'^'^^A[rfA(aij0)], 0e5>°qF;F], 

fc>0 0<|A| 
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and the graded variational operator 5 — g o d, the BGDA S^[F; Y] is spht into the above 
mentioned Grassmann-graded variational bicomplex. We restrict our consideration to its 
short variational subcomplex and the subcomplex of one-contact graded forms 

^ R ^ Sl[F; Y] ^ S'J[F; Y]---^ Y]^E^^ ^(<5^"[i^; Y]), (2.12) 

^ Slf[F; Y] ^ Sl^' [F;Y]...^ Y]^E^^ 0. (2.13) 

One can think of their even elements 

L^Cue <S^"[F; y], u^dx^ A---A dx", (2.14) 
SL^e^A Sauj = (-1)'^'^^ A dK{d\L)u e Ei (2.15) 

0<|A| 

as being a graded Lagrangian and its Euler-Lagrange operator, respectively. 
Remark 2.4- Any graded density L (2.14) obeys the identity 

0={So6){L) = J2 {-ly^'^O'^ /\dA{di}d{SL)) Auj = 

0<|A| 

^ [-e^ A efd^SA + {-i)\M+[A]iB]0B ^ dAie^d^SA)] au^o, 

0<|A| 

which leads to useful equalities 

vidBSA)"- i-lY^^^^'^diSB (2.16) 
(see the notation (2.10)). It should be noted that 

v{dBSAf=' = (-l)[^ll^la^£B + Sab, Sab = {-1)^''^^''^Sba, 
but Sab — because the relation (2.11) results in 



v{v{dB£A)f='' = r/((-l)[^l[^l9A^B + S 



AB 



\A=0 



■l)[^l[i^]^(a^^^)A=o + ^(5^^)A=o = o^s^ + (-1)[^1[^15^B + Sab = ObEa- 



If y — > X is an affine bundle, cohomology of the complex (2.12) equals the dc Rham 
cohomology of X, while the complex (2.13) is exact [18]. Forthcoming Theorem 2.2 (see 
Appendix A for its proof) generalizes this result to an arbitrary fiber bundle y — > X. 

Theorem 2.2. (i) Cohomology of the complex (2.12) equals the de Rham cohomology 
H*{Y) ofY. (a) The complex (2.13) is exact. 

Corollary 2.3. A 5-closed (i.e., variationally trivial) graded density L e S^[F;Y] reads 

L^hoi^ + dni, ieSl^-'[F-Yl (2.17) 
where ip is a closed n-form on Y. In particular, a 5-closed odd graded density is dn-exact. 
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Corollary 2.4. Any graded density L admits the decomposition 



dL^SL-dH^, EeS'j'-'[F;Y], (2.18) 

where L + E is a Lepagean equivalent of L [18]. 

The decomposition (2.18) leads to the first variational formula (2.20) for graded Lagran- 
gians [5, 18]. Let d G [F; Y] be a graded derivation of the M-ring S^[F] Y]. The interior 
product ^^(j) and the Lie derivative L^0, e Y], are defined by the formulas 

= + (-i)[^^]^^0A, G 

,9J(0Act) = (i?j0) Aa + (-1)'<^I+[^1[''1(;6A (?9Ja), 0, a G 

^d\d(l) + d{'d\4)), L^(0 A a) = L^(0) A a + (-1)['^]['^V A L^((j). 

A graded derivation ■& is called contact if the Lie derivative preserves the ideal of contact 
graded forms of the BGDA «S^[F;y]. Further, we restrict our consideration to vertical 
contact graded derivations, vanishing on 0*X C SU^F\Y]. With respect to the local basis 
{s^} for the BGDA S'^[F] F], any vertical contact graded derivation takes the form 

^^v^dA + E dKV^'di, (2.19) 

0<|A| 

where the tuple of graded derivations {(9^} is defined as the dual of the tuple of contact 
forms {0^}, and [18]. Such a derivation is completely determined by its first summand 
V = v^Oa-i called a generalized graded vector field. It satisfies the relations 

§\d„(t> = -di/(^?j0), U{d„(t>) = dH{U(t>). (t> e Sl,[F;Y\. 

Then it follows from the sphtting (2.18) that the Lie derivative L^L of a Lagrangian L along 
a vertical contact graded derivation ■& (2.19) fulfills the first variational formula 

lj^L = v\5L + dH{'d\'E))- (2.20) 

One says that an odd vertical contact graded derivation d (2.19) is a variational supersym- 
metry of a graded Lagrangian L if the Lie derivative L^L is dj^-exact, i.e., the odd graded 
density v\5L = v^Saoj is dj^-exact. 

Remark 2.5. Given local graded functions Z"^, < |A| < /c, and /', there is the useful relation 

E /%/'^= E {-ltW{f'')foo-rdHa. (2.21) 

0<|A1<A: 0<|A|<fc 

The first variational formula (2.20) takes the local form (2.21), but it follows from Corollary 
2.3) that the second term in its right-hand side is globally cij^-exact. 

A vertical contact graded derivation d (2.19) is called nilpotent if L^(L^0) = for any 
horizontal graded form (j) e Y]. One can show that (2.19) is nilpotent only if it is 

odd and iff all obey the equahty 

d{v) = d{v^dA) = E yi9l{^^)dA = 0. (2.22) 

0<|S| 
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For the sake of simplicity, the common symbol further stands for a generahzcd vector 
field the contact graded derivation d (2.19) determined by v and the Lie derivative L^. 
We agree to call all these operators the graded derivation of the BGDA Y]. 

Remark 2.6. We further deal with right contact graded derivations v = Oav^ of the BGDA 
»S^[F; Y] (see Remark 2.2). They act on graded forms (f) on the right by the rule 

v{(l>) = d{(t>)[v + d{(t>\y), v{<j)A<j)') = (-1)[<^']M^(0) A (/.' + (/. A ^y((/.'). 

For instance, 9^(0) = (-l)(['^l+^)t^laA(0), dA = and dif(0) = (-l)l'^ldH(0). With right 
graded derivations, one obtains the right Euler-Lagrange operator 

0<|A| 

An odd right graded derivation t; is a variational supersymmetry of a graded Lagrangian L 
iff the odd graded density Sav^i-^ is (iff-exact. 

3 The Koszul— Tate complex 

Given a graded Lagrangian L (2.14), let us associate to its Euler-Lagrange operator 5L 
(2.15) the exact chain Koszul-Tate complex with the boundary operator whose nilpotency 
conditions provide the Noether and higher-stage Noether identities for SL [6] . We follow the 
general construction of the Koszul-Tate complex for differential operators [24]. 

Remark 3.1. If there is no danger of confusion, elements of homology are identified to its 
representatives. A chain complex is called r-exact if its homology of degree /c < r is trivial. 

We start with the following notation. Given a vector bundle E X and its pull-back Ey 
onto F, let us consider the BGDA Ey]- There are monomorphisms of C^F-algebras 

sixf-y]^si\f-EyI oi,e^si[f-EyI 

whose images contain the common subalgebra 0*^Y . Let us consider: (i) the subring 
V^Ey C O'^Ey of polynomial functions in fiber coordinates of the vector bundles J'^Ey — > 
J^y, (ii) the corresponding subring V^[F; Ey] C S^[F; Ey] of graded functions with poly- 
nomial coefficients belonging to V^Ey, (iii) the subalgebra V^[F;Y; E] of the BGDA 
S^[F; Ey] over the subring V^[F; Ey]- Given vector bundles V, V, E, E' over X, we further 
use the notation 

V*jy'V] F; Y; EE'] = V*^[V' x V x F;Y; E x E']. (3.1) 

— * n 

By a density-dual of a vector bundle E ^ X \s meant E — E* 0x A T*X. 

Proposition 3.1. The BGDA V^[F;Y;E] and, similarly, the BGDA (3.1) possess the 
same cohomology as S^[F;Y] in Theorem (2.2). 
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Proof. Since H*{Y) = H*{Ey), this cohomology of the BGDA S^[F; Y] equals that of the 
BGDA S^[F;Ey]. Furthermore, one can replace the BGDA S^[F;Ey] with V;^[F;Y;E] 
in the condition of Theorem (2.2) due to the fact that sheaves of P^£^y-modules are also 
sheaves of O^F-modules. □ 

Remark 3.2. In a general setting, one must require that transition functions of fiber bundles 
over Y under consideration do not vanish on the shell. For the sake of simplicity, we here 
restrict our consideration to fiber bundles over Y which are the pull-back onto Y of fiber 
bundles over X. In particular, a fiber bundle y — > X of even fields is assumed to admit the 
vertical splitting VY = F W, where 1^ is a vector bundle over X. Let Y denote the 
density-dual of W in this splitting. 

Proposition 3.2. One can associate to a graded Lagrangian L (2.14) the chain complex 
(3.2) whose boundaries vanish on the shell. 

Proof. Let us extend the BGDA S*^[F- Y] to the BGDA :P^[F*; F; F; F] whose local basis 
is where \sa\ = {[A\ + l)mod2. We call sa the antifields of antifield number 

Ant[sA] = 1- The BGDA VU^*]F]Y]T] is provided with the nilpotent right graded 
derivation 5 =d ^^a, where Sa are the graded variational derivatives (2.15). We call S 
the Koszul-Tate differential, and say that an element (f) G V^[Y ; F;Y; F ] vanishes on the 
shell if it is (5-exact, i.e., = 5a. Let us consider the module V^[Y ; F; F; F ] of graded 
densities. It is split into the chain complex 

^ Y] ^ V'jr[Y*; F; F; Fji • • • ^ V'^^^*; F; F; F\ ■ ■ ■ (3.2) 

graded by the antifield number. Its boundaries, by definition, vanish on the shell. □ 

Since the homology Hk^i{5) is not essential for our consideration, let us replace the 
complex (3.2) with the finite one 

^ Im^ ^ ^^"[F*; F; F; T], ^ P^"[F*; F; F; F\. (3.3) 

It is exact at Im5, and its first homology coincides with that of the complex (3.2). Let us 
consider this homology. A generic one-chain of the complex (3.3) takes the form 

$ = ^ f^'^lAAu;, $ ^^'-^ G Sl[F- F], (3.4) 

0<|A| 

and the cycle condition 5$ = reads 

<^^'''dASAUJ = 0. (3.5) 

0<|A| 

One can think of this equality as being a reduction condition on the graded variational 
derivatives Sa- Conversely, any reduction condition of form (3.5) comes from some cycle 
(3.4). The reduction condition (3.5) is trivial if a cycle is a boundary, i.e., it takes the form 

q>= T(^^)(B''^d^SBSAAUJ, T^AA)iBE) ^_^_^yA][B]j.iBJ:)iAA)_ ^g g^ 

0<|A|,|S| 



10 



A Lagrangian system is called degenerate if there exist non-trivial reduction conditions (3.5), 
called the Noether identities. 

One can say something more if the iS^[-F; y]-module Hi{6) is finitely generated, i.e., it 
possesses the following particular structure. There are elements A G Hi{6) making up a 
Z2-graded projective C°°(X)-module C(o) of finite rank which, by virtue of Theorem 2.1, is 
isomorphic to the module of sections of the product V* x E* of the density-duals of some 

vector bundles V ^ X and E ^ X. Let {A,.} be local bases for this C°°(X)-module. Every 
element $ e Hi(5) factorizes 

$ = ^ G"''"d=A,.w, 

0<|S| 

A, = ^ A;^'^SA^, 

0<|A| 

via elements of C(o), i.e., any Noether identity (3.5) is a corollary of Noether identities 

^ /^i'^'d^EA = 0. (3.9) 

0<|A| 

Clearly, the factorization (3.7) is independent of specification of local bases {A^}. We say 
that the Noether identities (3.9) are complete, and call A^ G C(o) the Noether operators. 

Example 3.3. Let L (2.14) be a variationally trivial Lagrangian. Its Euler-Lagrange operator 
5L — Q obeys the Noether identities which are finitely generated by the Noether operators 
Aa = sa- For instance, this is the case of the topological Yang-Mills theory. 

Proposition 3.3. // the homology Hi{5) of the complex (3.3) is finitely generated, this 
complex can he extended to the one-exact complex (3.11) with a boundary operator whose 
nilpotency conditions are equivalent to the complete Noether identities (3.9). 

Proof. Let us enlarge the BGDA V^[Y*; F; Y;F*] to the BGDA 

V*jE*r;F;Y;rV*], (3.10) 

possessing the local basis {s^,s^,Cr} where [c^] = ([A^] + l)mod2 and Antfc^] = 2. The 
BGDA (3.10) is provided with the nilpotent right graded derivation (^o = 5+d ''A^, called 
the zero-stage Koszul-Tate differential. Its nilpotency conditions (2.22) are equivalent to 
the complete Noether identities (3.9). Then the module V^[E Y ; F;Y; F V ]<3 of graded 
densities of antifield number Ant[0] < 3 is split into the chain complex 

^ ImSJ-V^^''^*; F; Y; F]i ^ P^"[^T*; F; Y; F*V*]2 (3.11) 
J^VO^n^*Y*;F;Y;F*V%. 

Let i?*(5o) denote its homology. We have Hq^Sq) = Ho{d) = 0. Furthermore, any one-cycle 
$ up to a boundary takes the form (3.7) and, therefore, it is a 5o-boundary 

$ = ^ G''-dsArUj = 5o( E G'^'-Csroo). 

0<1S| 0<|S| 



G^'- e Sl[F-Y], 
Af'^eS'jF;Y], 



(3.7) 
(3.8) 
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Hence, Hi{So) — 0, i.e., the complex (3.11) is one-exact. □ 

Turn now to the homology i?2((^o) of the complex (3.11). A generic two-chain reads 

^ = G + H= J2 G'''^CArUJ+ E H^^^^^^^'^hAAS,:Bi^. (3.12) 

0<|A| 0<|A|,|S| 

The cycle condition = takes the form 

E G'^'^^aA^u; + 5H^0. (3.13) 

0<|A| 

One can think of this equality as being the reduction condition on the Noether operators 
(3.8). Conversely, let 

$ = E G^'^'c^rUJ eV'^^[E*Y*;F;Y-F*V*]2 

0<|A| 

be a graded density such that the reduction condition (3.13) holds. Obviously, this reduction 
condition is a cycle condition of the two-chain (3.12). The reduction condition (3.13) is trivial 
either if a two-cycle $ (3.12) is a boundary or its summand G, linear in antifields, vanishes 
on the shell. 

A degenerate Lagrangian system in Proposition 3.3 is said to be one-stage reducible if 
there exist non-trivial reduction conditions (3.13), called the first-stage Noether identities. 

Proposition 3.4. First-stage Noether identities can be identified to non-trivial elements of 
the homology i?2(5o) iff (^ny S-cycle 4> G ^P^i^ ]F]Y',F h is a So-boundary. 

Proof. It suffices to show that, if the summand G of a two-cycle $ (3.12) is (5-exact, then $ 
is a boundary. If G = 5^, then 

$ = + (5 - 5o)* + (3.14) 

The cycle condition reads 

5o^ ^5((5 - 5o)^ + H) ^ 0. 

Then {6 — Sq)^ -\- H is 5o-exact since any (5-cycle (p £ 'P^iY*'-! Y; F*]2, by assumption, is 
a 5o-boundary. Consequently, $ (3.14) is 5o-exact. Conversely, let $ e V^^''[Y \F\Y\F ]2 
be an arbitrary 5-cycle. The cycle condition reads 

^$ = 2$(^'^)(-^'^)sAA^5Esa; = 2$(^'^)(^'^)sA^ds^Ba; = 0. (3.15) 

It follows that $(^'^)(-^'^)5ssB = for all indices (A, A). We obtain 

^(A,A)(s,s)-^^ ^ G(^'^)(^-)c^sA, + ^^^^'^^ 

Hence, $ takes the form 

$ = G'(^'^)('''=)dsA,SAAa; + ^S^^^^hKAOJ. (3.16) 
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We can associate to $ (3.16) the three-chain 



such that 

= $ + a = $ + ^"("^■^^('■'-^rfA^ACSra; + S'^^'^^dSAAUJ. 

Owing to the equahty 5$ = 0, we have ^o'^ = 0. Since the term G" of a is 5-exact, then a 
by assumption is (5o-exact, i.e., a = Sqi/j. It follow that $ = — Sqi/j- ^ 

If the condition of Proposition 3.4 (called the two-homology regularity condition) is sat- 
isfied, let us assume that the first-stage Noether identities are finitely generated as follows. 
There are elements A(i) G i/2(<^o) niaking up a Z2-graded projective C°°(X)-module 
of finite rank which is isomorphic to the module of sections of the product V*, x E*. of the 

X 

density-duals of some vector bundles Vi — > X and Ei ^ X. Let {A^i} be local bases for 
this C°°(X)-module. Every element $ e i?2((^o) factorizes 

$ = ^ ^^^'^d^Ar.u, e Sl[F;Y], (3.17) 

0<|S| 

A,, = Gr, + K,= E Kt^i^r + K,, hr,uj G P^"[F*; F; F; F], (3.18) 

0<|A| 

via elements of i.e., any first-stage Noether identity (3.13) results from the equalities 

^ A;fdAA, + 5/i,, =0, (3.19) 

0<|A| 

called the complete first-stage Noether identities. Elements of C(i) are called the first-stage 
Noether operators. Note that first summands G^i of operators A^^ (3.18) are not (5-exact. 

Proposition 3.5. Given a reducible degenerate Lagrangian system, let the associated one- 
exact complex (3.11) obey the two-homology regularity condition, and let its homology H2{5q) 
be finitely generated. Then this complex is extended to the two-exact com,plex (3.20) with a 
boundary operator whose nilpotency conditions are equivalent to complete Noether and first- 
stage Noether identities. 

Proof. Let us consider the BGDA V^[EIE*Y*; F;Y; F*V*Vl] possessing the local basis 
{s^'^,SA,Cr,Cr^}, where [c^J = ([A^J -|- l)mod2 and Ant[crJ = 3. It can be provided with the 
nilpotent graded derivation 5i — So-\- d ''^^m called the first-stage Koszul-Tate differential. 
Its nilpotency conditions (2.22) are equivalent to the complete Noether identities (3.9) and 
complete first-stage Noether identities (3.19). Then the module Y ]F]Y;F V V^i]<4 

of graded densities of antifield number Ant[0] < 4 is split into the chain complex 

^ Im 5 ^ P^"[F*; F- Y- F\ ^ V!^''[E*Y*; F; Y; TV% ^ (3.20) 
rOj^[ElE*Y*; F; Y; F*V*Vl]s ^ V^J'[EIE*Y*; F; Y; TyTI^. 
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Let H^{Si) denote its homology. It is readily observed that 

Ho{6i) = Ho{S), H,{6,) = H,{6o) = 0. 
By virtue of the expression (3.17), any two-cycle of the complex (3.20) is a boundary 

$ = ^ ^^^'^dsAr.U = Si{ J2 "Csrjc^. 
0<|S| 0<|S| 

It follows that H2{5i) = 0, i.e., the complex (3.20) is two-exact. □ 

If the third homology H3[6i) of the complex (3.20) is not trivial, there are reduction 
conditions on the first-stage Noether operators, and so on. 

Iterating the arguments, we come to the following. Let {S^[F;Y], L) be a degener- 
ate Lagrangian system whose Noether identities are finitely generated. In accordance with 
Proposition 3.3, we associates to it the one-exact chain complex (3.11). Given an integer 
N > 1, let Vi, . . . , Visf, El, ... , En be some vector bundles over X and 

^:o{^} = • • ■ElE*T; F- Y-TTTi . • - F;] (3.21) 

the BGDA with the local basis {s^, s^, c^, c^j , . . . , c^^} graded by antifield numbers Ant[cr^] = 
k -\-2. Let k — —1, further stand for sa and c^, respectively. We assume that the BGDA 
V^{N} (3.21) is provided with a nilpotent graded derivation 

5n = 5o+ E d'-'^r,, (3.22) 
i<fe<Ar 

A,, = a, + /i., = E ^^r ' + E (/^^'-'''^^^'^W-.^HA + ...), (3.23) 

0<|A| 0<|S|,|S| 

of antifield number -1, and that the module {N}<M+i of graded densities of antifield 
number Ant[0] < A?" -|- 3 is spht into the {N -\- l)-exact chain complex 

^ Im 5 ^ P^"[r ; F- Y- F\ 3l ^"^"{O}^ ^ ^l^illa • • • (3.24) 
^^^^ _ ^^^^^ ^ P:^-{NU^, <^ PL^{NWs, 

which satisfies the following (A^ + l)-homology regularity condition. 

Definition 3.6. One says that the complex (3.24) obeys the {N + l)-homology regularity 
condition if any 5k<N-i-cycle (p G {k}k+3 C {k + l}k+3 is a 5k+i-boundary. 

Note that the (A^ + l)-exactness of the complex (3.24) implies that any 5fe<jv-i-cycle 
(j) e "Pqo {^}a:+35 k < N , is a, (5fc+2-boundary, but not necessary a 5fc+i-boundary. 

If A" = 1, the complex {1}<4 (3.24) restarts the complex (3.20). Therefore, we agree 
to call 5]si (3.22) the A^-stage Koszul-Tate differential. Its nilpotency implies the complete 
Noether identities (3.9), the first-stage Noether identities (3.19), and the equalities 

E KV'-d^i E Ktf-c^r,.,) + ^( E htr^''^^^^^^c^r,.,-s^A) = (3.25) 

0<|A| 0<1S| 0<1E|,|S| 
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for k = 2, . . . , N. One can think of the equahties (3.25) as being complete /c-stagc Noether 
identities because of their properties which we will justify in the case oi k — N + 1. Accord- 
ingly, Ar,. (3.23) are said to be the fc-stagc Noether operators. 

Let us consider the (A^ + 2)-homology of the complex (3.24). A generic (A^ + 2)-chain 
$ e V^^\N}n+2 takes the form 

^^G + H= J2G'-^'''cAr^uj+ Yl (^^^'"^^'■"-"""WEr-^.i + ...)^- (3-26) 

0<1A| 0<|S|,|H| 

Let it be a cycle. The cycle condition Sn^ — implies the equality 

E G^-'^d4 ^ A;--^ce.._J + 5( ^ H(^^^^(^--^h^^-cj:r^_,) = 0. (3.27) 

0<|A| 0<|E| 0<|S|,|S| 

One can think of this equahty as being the reduction condition on the A^-stage Noether 
operators (3.23). Conversely, let 

0<|A| 

be a graded density such that the reduction condition (3.27) holds. Then this reduction 
condition can be extended to a cycle one as follows. It is brought into the form 

0<|A| 0<|S|,|S| 

0<|A| 0<|E|,|S| 

A glance at the expression (3.23) shows that the term in the right-hand side of this equahty 
belongs to VZ {N - 2};v+i. It is a SN-2-cycle and, consequently, a (^^v-i-boundary (5jv-i^ in 
accordance with the (A^ + l)-homology regularity condition. Then the reduction condition 
(3.27) is a csriv-i"dependent part of the cycle condition 

Sn{ E G-'^'^ca., + E H^^'^^^^--^'''^s^AC^r^_, - ^) = 0, 

0<|A| 0<|S|,|S| 

but (5jv^ does not make a contribution to this reduction condition. 

Being a cycle condition, the reduction condition (3.27) is trivial either if a cycle $ (3.26) 
is a ^AT-boundary or its summand G is 5-exact. Then a degenerate Lagrangian system is said 
to be (A^ + l)-stagc reducible if there exist non-trivial reduction conditions (3.27), called the 
(A^ + l)-stage Noether identities. 

Theorem 3.7. (i) The {N + l)-stage Noether identities can be identified to non-trivial 
elements of the homology i/jv+2(^jv) of the complex (3.24) "^If this homology obeys the (N + 
2)-homology regularity condition, (ii) If the homology i?Af+2(^jv) is finitely generated, the 
complex (3.24) admits an {N + 2) -exact extension. 

Proof, (i) The (A^ + 2)-homology regularity condition implies that any 5jv_i-cycle $ G 
VZ {N-1}n+2 C VZ {N}n+2 is a (5jv-boundary. Therefore, if $ (3.26) is a representative of 
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a non-trivial element of i?jv+2(^Af), its summand G linear in ca^^ does not vanish. Moreover, 
it is not a 5-boundary. Indeed, if G = 5^, then 

$ = (5;v* + (^-M* + ^- (3-28) 
The cycle condition takes the form 

5n^ = Sn-i{{S - Sn)^ + H) = 0. 

Hence, {6 — Sn)"^ + H is ^Ar-exact since any 5Ar_i-cycle </> G {A^— l}Ar+2 is a ^Tv-boundary. 
Consequently, $ (3.28) is a boundary. If the (iV + 2)-homology regularity condition does not 
hold, trivial reduction conditions (3.27) also come from non-trivial elements of the homology 
Hn+2{Sn)- (ii) Let the (A^-|- l)-stage Noether identities be finitely generated. Namely, there 
exist elements A(Ar+i) G ifAr+2(^Ar) making up a Z2-graded projective C°°(X)-module C(^n+i) 
of finite rank which is isomorphic to the module of sections of the product V^^r+i x -E^+i of 

the density-duals of some vector bundles Vat+i — > X and i?Ar+i — > X. Let {A^^^^^} be local 
bases for this C°°(X)-module. Then any element $ G Hisf+2{(^N) factorizes 

$ = E $'^"+^'^c?sA,,^,u;, G S^IF; Y], (3.29) 

0<|S| 

^r-jv+i = ^rjv+i + ^rjv+i = X/ ^tn'+i^^^n + ^tn+ii (3.30) 

0<|A| 

via elements of C(Ar+i) . Clearly, this factorization is independent of specification of local bases 
{A^^^J. Let us extend the BGDA V*^{N} (3.21) to the BGDA V*^{N + 1} possessing the 
local basis {s^, s^, c^, c^i, . . . , c^j^ , c^jv+i } where A.nt\cr^+^\ = 3 and [c^^v+i] = ([^r^v+i] + 
l)mod2. It is provided with the nilpotent graded derivation 5n+i — 5n-\- d '^^+'^^rN+i of 
antifield number -1. With this graded derivation, the module {N + l}<jv+4 of graded 
densities of antifield number Ant[0] < A?^ -|- 4 is split into the chain complex 

O^lmsJ-V'^^^; F; Y; T], ^ ^"{0)2 ^ P^"{1}3 • • • (3.31) 

It is readily observed that this complex is {N + 2)-exact. In this case, the (A^ -|- l)-stage 
Noether identities (3.27) come from the complete (A^ -|- l)-stage Noether identities 

E K%td^\.^ + = 0, (3.32) 

0<|A| 

which are reproduced as the nilpotency conditions of the graded derivation 5jv+i. □ 

The iteration procedure based on Theorem 3.7 may be infinite. We restrict our consid- 
eration to the case of a finitely (A^-stage) reducible Lagrangian system possessing the finite 
(A^ -I- 2)-exact Koszul-Tate complex 

^ Ini5 ^ p^"[r ; F; Y; F*], 4^ ^^{0)2 ^ ^"{Ijs • • • (3.33) 
S^^d^SA+ J2 d'^A^'''sj,A+ E d'-'A,^, (3.34) 

0<|A| l<k<N 
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where l^^k ^^c fc-stagc Nocther operators (3.23) which obey the Nocther identities (3.9), 
first-stage Nocther identities (3.19) and fc-stage Noether identities (3.25), k = 2,...,N. 
Forthcoming Theorem 4.1 associates to the Koszul-Tate complex (3.33) the sequence (4.4), 
graded in ghosts, whose ascent operator Ve (4.5) provides the gauge and higher-stage gauge 
supersymmetries of an original graded Lagrangian. 



4 The Noether second theorem 

Given the BGDA V*^{N} (3.21), let us consider the BGDA 

'P*^{N} = V*JVn ■ ■ ■ V,V; F; Y; EE,--- E^] (4.1) 
with the local basis {s^, d , d^,. ■ c*"^} and the BGDA 

P*^{N} ^V*^[E*^--- eIe*Y*Vn - - - V,V; F; Y; EE,--- E^TTT, - - -T^\ (4.2) 
with the local basis 

"[s ,C,C ,...,C , SA) Cr, Cr^i . . . , Cj-j^}, (4-3) 

where [c^''] = ([c^J + l)mod2 and Ant[c'''=] = —{k + 1). We call c***^, k = 0, . . . , N, the ghosts 
of ghost number gh[c^'=] =k + l. Clearly, the BGDAs V*^{N} (3.21) and P^{iV} (4.1) are 
subalgebras of the BGDA P^{N} (4.2). The Koszul-Tate differential Sn (3.34) is naturally 
extended to a graded derivation of the BGDA P^{N} (4.2). 

Theorem 4.1. With the Koszul-Tate complex (3.33) of antifields, the graded commutative 
ring V^{N} C V'^{N} (4-1) of ghosts is split into the sequence 

- Sl[F- Y] ^ Vl{N}, ^ Vl{N}, ^ • • • , (4.4) 

Ue = U+ ^ (4.5) 
l<fc<Ar 

where u (4-11), ""(i) (4-^3) and U(^k) (4-^5), k = 2,...,N, are the operators of gauge and 
higher-stage gauge supersymmetries of an original graded Lagrangian. 

Proof. Let us extend an original graded Lagrangian L to the even graded density 

L,^CeUJ^L + L,^L+ c^^KkCO^L + SNi Yl c"'Cr,u;), (4.6) 

0<k<N 0<k<N 

whose summand L, is linear in ghosts and possesses the zero antifield number. It is readily 
observed that 6iy{Le) = 0, i.e., is a variational supersymmetry of the graded Lagrangian 
Le (4.6). It follows that 

"^A 0<k<N "^rk f^^A 0<k<N °^rk 'J^ 



0<k<N 



17 



A 5C 
V — 



0<|A| i>0 0<|A| 



"^^k o<|A| i>fc+10<|A| 



(see the formulas (2.9) - (2.10)). The equahty (4.7) falls into the set of equalities 

= u^Saoo — dnCTo, (4-8) 



Ssa 

l^^S. + ^^AA. = d.a., (4.9) 

OSa OCr 

[^^I^^A + E ^^€^A,Ja; = d^<7,, i = 2, . . . , TV, (4.10) 

with respect to the polynomial degree in ghosts. A glance at the equality (4.8) shows that, 
by virtue of the first variational formula (2.20), the graded derivation 

« = «^i, «^ = E 4r/(A^^)^ (4.11) 

0<|A| 

is a variational supersymmetry of an original graded Lagrangian L. This variational super- 
symmetry is parameterized by ghosts d . Therefore, one can think of it as being a gauge 
supersymmetry of L [5, 18]. The equality (4.9) takes the form 

[-^(c-/i(f'^)(^'^)^sB^sA)^:A + T^(c- E ^T^^r) E Af'=^sB]a; = 

[E(-1)'^'^h(c'-^ E 2/i(f '^)(^'=)ss5)£^ + E Af'%5]a; = d^<7;. 

0<|S| 0<|E| 0<|S| 

Using the relation (2.21), we obtain 

0<|S| 0<|S| 0<|S| 

The variational derivative of the both sides of this equality with respect to the antifield 
leads to the relation 

E r/(/i(f )(^'=))^ds(2c-d=£^) + E «E^(Af )^ = 0, 

0<|S| 0<|S| 

which is brought into the form 

E d^u'-^u'' = 5(«^), = - E v{2hi^^^^'~^fd,:{c^^ssA). (4.12) 

0<|S| "^'S 0<|S| 



18 



Therefore, the odd graded derivation 

. c 



^(i)^^''^, u^^Y.<'MK,)\ (4.13) 

0<|A| 



is the first-stage gauge supersymmetry of a reducible Lagrangian system [5]. Every equahty 
(4.10) is spht into a set of equahties with respect to the polynomial degree in antifields. Let 
us consider the one, linear in antifields c^^.j and their jets. We have 

0<|S|,|S| 

"^n-i o<|E| o<|si 
It is brought into the form 

0<|S| 0<|E| 0<|S| 

Using the relation (2.21), we obtain 

0<|S| 0<|S| 0<|S| 

The variational derivative of the both sides of this equality with respect to the antifield Cr^_^ 
leads to the relation 

E V^htr'^^^-^Td^ic^^d^^A) + E ^^r'v{^^ = 0, 

0<|E| 0<|S| 

which takes the form 



E dT.u'-^-'-^vr^-^ = 5{a''-^), a'^-^ = - E ^(^1?-'^^'''"¥^^s(c^^ssa). (4.14) 

0<|S| '^^^ 0<|S| 



Therefore, the odd graded derivations 

^^'■'^-^ = E CAMA;r)^ A; = 2,...,7V, (4.15) 

0<|A| 

are the /c-stage gauge supersymmetries [5]. The graded derivations u (4.11), u^i) (4.13), U(^k) 
(4.15) are assembled into the ascent operator (4.5) of ghost number 1, that we agree to call 
the total gauge operator. It provides the sequence (4.4). □ 

The total gauge operator (4.5) need not be nilpotent even on the shell. We say that 
gauge and higher-stage gauge supersymmetries of a Lagrangian system form an algebra on 
the shell if the graded derivation (4.5) can be extended to a graded derivation v° of ghost 
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number 1 by means of terms of higher polynomial degree in ghosts such that is nilpotent 
on the shell. Namely, we have 

v''^Ue + ^^U^dA+ E {u'-'-'+C'-')dr,_„ (4.16) 

l<fc<iV 

where all the coefficients ^^''-^ are at least quadratic in ghosts and {v^ o v^){f) is 5-exact for 
any graded function / e V^{N} C P^{N}. This nilpotency condition falls into a set of 
equalities with respect to the polynomial degree in ghosts. Let us write the first and second 
of them involving the coefficients ^2*"^ quadratic in ghosts. We have 

E d^u'dfu^ = S{af), d^u"^-'dl_y'-^ = S{a['-'), 2 < k < N, (4.17) 

0<|S| 0<|S| 

J2 [d^u^dlu'' + dj:C2dfu''] = ^(af ), (4.18) 

0<|S| 

[d^u^dlu^"-^ + d^il^dlu^'^-- + d^u^'^-^dl fi-'] = ~5{ar'), (4.19) 

0<|S| 

^2 = Of/'^^'cs", = Cf'clci, 2<k<N. (4.20) 

' ' k 

The equalities (4.17) reproduce the relations (4.12) and (4.14) in Theorem 4.1. The equalities 
(4.18) - (4.19) provide the generalized commutation relations on the shell between gauge 
and higher-stage gauge supersymmetries, and one can think of the coefficients ^2 (4.20) as 
being sui generis geneiaAized structure functions [5, 14]. 

Note that the total gauge operator in an irreducible gauge theory is the operator of 
infinitesimal gauge transformations whose parameter functions are replaced with the ghosts. 
Its nilpotent extension is the familiar BRST operator [7, 18] . For instance, let P — > X be a 
principal bundle with a structure Lie group G, whose Lie algebra possesses the basis {e,.} and 
the structure constants c^^. Let us consider a gauge theory of principal connections on P. It 
is an irreducible degenerate Lagrangian system. Principal connections on P are represented 
by sections of the quotient C = J^P/G, called the bundle of principal connections. It 
is an affine bundle coordinated by {x-^, a^) such that, given a section A oi C X, its 
components A\ = a\o A are coefficients of the local connection form (i.e., gauge potentials). 
Infinitesimal generators of one-parameter groups of automorphisms of a principal bundle P 
are G-invariant projectable vector fields on P. They are associated to sections of the vector 
bundle TqP — TP/G provided with the bundle coordinates {x^^x^,^"^) with respect to the 
fiber bases {dx, e^} for TqP. The form an algebra. Given sections 

u = u^dx + u^'er, V = v^dx + v^'Cr, (4.21) 

of TqP X, their bracket reads 

[m, v] = {u^'d^v^ - v^df,u^)dx + {u^dxv'' - v^dxu' + ciyv'')er. 

Any section u (4.21) of the vector bundle TqP X yields the vector field 

uc = u^dx + (c;^a>^ + dxu' - aldxu^)d^ 
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on the bundle of principal connections C, i.e., the infinitesimal gauge transformation with the 
parameter functions and u^. Taking its vertical part and replacing parameter functions 
with the corresponding ghosts and c^, we obtain the total gauge operator 

= (c>^ac'' + - a;c^ - c%,) A. 
Its nilpotent extension is the BRST operator 

5 The master equation 

The BGDA P^{N} (4.2) with the local basis (4.3) exemplifies Lagrangian systems of the 
following particular type. 

Let Yo ^ be a fiber bundle admitting the vertical splitting VYq = Yo Xx W, where 
W ^ X is a. vector bundle whose density-dual is denoted by Yq. Let Yi ^ X be a vector 
bundle and Y-^ its density-dual. We consider the BGDA V^[Y*q;Yi;Yo;YI] endowed with 
the local basis where = ([y"] + l)mod2. Let us call and y„ the fields and 

antifields, respectively. Then one can associate to any graded Lagrangian 

£weV'^'Wo,yuYo;Yl] (5.1) 

the odd graded derivations 

of the BGX^kV*^[Yl-Yr,Yo;Y\]. 

Proposition 5.1. The following conditions are equivalent: 

(i) the graded derivation v (5.2) is a variational supersymmetry of a Lagrangian 2ui (5.1) 

(ii) the graded derivation!] (5.2) is a variational supersymmetry of (5.1), 

(Hi) the composition {v—v)o[v+v) acting on even graded functions f e V^^q; Yi, Yq; Y^] 
(or, equivalently, {v + v) o [v — v) acting on the odd ones) vanishes. 

Proof. By virtue of the first variational formula (2.20) (see also Remark 2.6), the conditions 
(i) and (ii) are equivalent to the equality 

S^SaU^^-^u^dna. (5.3) 
Sya dy" 

In accordance with Theorem 2.2 and Proposition 3.1, the equality (5.3) is equivalent to 
the condition that the odd graded density S ""S-a^ is variationally trivial. For convenience, 

let us replace the right variational derivatives £ " in the equahty (5.3) with the left ones 
(_l)[a]+i£:a We obtain 

Y^{-\t^E'^E,u^dno. (5.4) 
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The variational operator acting on this relation leads to the equalities 

0<|A| 0<|A| 

E (-l)['^l+l^lrfA(9^'(f'^£:a)) = E {-lY%{d'£Y£Aa + V{d'£a)Sl] = 0. 
0<|A| 0<|A| 

Due to the formulas (2.16), these equalities are brought into the form 

E (-i)["^[(-i)t'i^["i+')a^%^A„ + i-if^^'^^d^s^] = 0, (5.5) 

0<|A| 

E (-l)H[(-i)(W+i){[«l+i)a^"£''£^„ + (-l)(M+i)Ha^£^£X] = 0, (5.6) 

0<|A| 

for all Sb and £''. Returning to the right variational derivatives, we obtain the relations 

d''''(S,)£Aa + (-!)['' £ld% = 0, (5.7) 
Sides' + (-1)1^]+^ d''''{S')£Aa = 0. (5.8) 

A direct computation shows that they are equivalent to the condition (iii). □ 

Following the terminology of BV quantization, we say that a graded Lagrangian (5.1) 
obeys the master equation (5.3). 

For instance, any variationally trivial Lagrangian Lq e V^[Yq;Yi;Yq;Y^] in Corollary 
2.3 satisfies the master equation. We say that a solution of the master equation is not 
trivial if both the graded derivations (5.2) are not zero. It is readily observed that, if a 
graded Lagrangian £u; provides a nontrivial solution of the master equation and Lq is a 
variationally trivial Lagrangian, its sum £iu + Lq is also a nontrivial solution of the master 
equation. 

Remark 5.1. By virtue of Proposition 5.1, the master equation (5.3) is equivalent to the 
equalities (5.7) - (5.8). It is readily observed that these equalities are Noether identities of 

a Lagrangian (5.1) indexed by the variational derivatives £}, and £ ^. Rewritten with respect 
to the left variational derivatives, these Noether identities take the form (5.5) - (5.6). By 
virtue of Theorem 4.1, the Noether identities (5.5) - (5.6) define the gauge supersymmetry 
u (4.11) of the Lagrangian (5.1) which is parameterized by the corresponding ghosts c^, c''. 
Using the formulas (2.16), one obtains 

= E E {-lt\ci{dtS''da + d^eadf") + CM(a^^£:»9„ + d'^'Sad^)], 

a 0<|A| 

{u'^Sa + UaS^P = E E i-lfhciid^^^^a + O^EaE'') + CAb{d^'E''Ea + d^'EaE^)]u; = 

a 0<|A| 

E + CMa'^^)(E(-i)f"'^"^ac.) = dH[ E {c\dt + cud^>l 

0<|A| a 0<|A| 

where the last equality results from action of the graded derivation c^c?'' + d'di, on the both 
sides of the master equation (5.4). 
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Let us return to an original Lagrangian system [S^[F; Y]. L) and its extension {P^{N}, L^) 
to ghosts and antifields, together with the odd graded derivations (5.2) which read 

5 d ^ ^ Ci d 
Ve^t^ + t^e^ -?^^+ 2^ 7^^—, 5.9) 
5sA ds^ 5cr^ dc^'^ 

An original Lagrangian provides a trivial solution of the master equation. It follows at 
once from the equality (4.7) that the graded Lagrangian Lg (4.6) satisfies the master equation 
(5.3) iff 

If the condition (5.11) does not hold, a problem is to extend the graded Lagrangian (4.6) 
to a solution of the master equation 

Le + L'-L + Li + L2 + --- (5.12) 

by means of terms Li of polynomial degree i > 1 in ghosts. They are assumed to be even 
of zero antifield number. Such an extension need not exists. Our goal is to investigate the 
conditions of its existence (Theorems 5.2 and 5.3). 

Let a graded Lagrangian (5.12) be a solution of the master equation (5.3), which reads 

?^(Li + L')5a(^ + ^i + ^')+ E ^''{L^ + L')5r,{L^ + L') = dHT. (5.13) 

0<k<N 

As was mentioned above, such a solution is never unique, but it is defined at least up to 
a dif-exact density. The master equation (5.13) is decomposed into a set of equalities with 
respect to the polynomial degree in ghosts. We have 

Y{L^)5aL+ E ?'=(^i)^r,^i = rff/ai, (5.14) 

0<fe<iV 

^ P(L,)5^L,_,+ E ?'=(^.)'^^r,i>.-,+i+ (5.15) 

l<3<i l<j<iO<k<N 

^^{Li)SAL+ Yl [5'''{Li)Sr,Li + 7'''{Li)SrM^dH<Ji, i>2. 

0<k<N 

The first one is exactly the equality (4.7). The others are brought into the form 

^ 7^(L,)5^L,_, + E ^''iLj)^r,L,_,+,+jm) = dHa[, t>2, (5.16) 

l<j<i l<j<i 0<k<N 

It is readily observed that a graded Lagrangian (5.12) obeys the master equation (5.13) iff its 
term L2 is a solution of the equation (5.16), i = 2, the term L3 satisfies the equation (5.16), 
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i = 3, and so on. Since 7 (5.17) vanishes on functions / G iS^[F;F], each equation (5.16) 
reduces to a system of hnear algebraic equations with coefficients in the ring S^^lF; Y] whose 
homogeneous part is given by the operator 7 (5.17). Because this operator is not invertible 
as a rule, a solution of the equations (5.16) need not exist. In order to study its existence, 
let us consider the condition (iii) in Proposition 5.1. 

Theorem 5.2. The graded Lagrangian Lg (4-6) can be extended to a solution (5.12) of 
the master equation only if the graded derivation Ug (4-5) is extended to a graded derivation 
nilpotent on the shell. 

Proof. Given a graded Lagrangian (5.12), the corresponding graded derivations (5.2) read 



V — 



+ E "SV (5-18) 



Ssa ds^ Scr^ dc^"' 



Then the condition (iii) can be written in the form (2.22) as 

{v + v){v)^0, {v + v){v)^0. (5.20) 
It falls into a set of equalities with respect to the polynomial degree in antifields. Let us put 

y = y'i + y^+y'^ y = yO y' ^ 

where and are the parts of v (5.18) of zero and ffist polynomial degree in antifields, 
respectively, and if is that of U (5.19) independent of antifields. It is readily observed that 
jf — 6 is the Koszul-Tate differential. Let us consider the part of the equahties (5.20) which 
is independent of antifields. It reads 

t;°(t;°) + Tf{v') = t;°(t;°) + 6{v^) = 0, (5.21) 

i.e., the graded derivation vanishes on the shell. It is readily observed that the part of 
linear in ghosts is exactly the total gauge operator Ug (4.5), i.e., provides a nilpotent 
extension Ug on the shell. □ 

In other words, the Lagrangian Lg (4.6) is extended to a solution of the master equation 
only if the gauge and higher-stage gauge supersymmetries of an original Lagrangian L form 
an algebra on the shell. 

In order to formulate the sufficient condition, let us assume that the gauge and higher- 
stage gauge supersymmetries of an original Lagrangian L form an algebra, and this algebra 
is given from the beginning, i.e., we have a nilpotent extension v'^ of the total gauge operator 
Ue (4.5). 

Theorem 5.3. Let the graded derivation (4-5) admit a nilpotent extension (4-^6) of 
zero antifield number. Then the graded Lagrangian 

2uj^Le+ Yl C'-'Cr,_,uj (5.22) 

l<fc<Ar 
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satisfies the master equation. 

Proof. If the graded derivation is nilpotent, then S{v^) = by virtue of the equation (5.21). 
It follows that the part of the Lagrangian Lg quadratic in antifields obeys the relations 
S{S^'°{.Cl)) = for all indices rk- This part consists of the terms /i^^*"^'^^*-^'"^csrj;_2SsA 
(3.23), which consequently are 5-closed. Then the summand Gr^ of each cocycle A^^. (3.23) 
is (5fc_i-closed in accordance with the relation (3.32). It follows that its summand hr^ is also 
5fe_i-closed and, consequently, 5fc_2-closed. Hence it is (5fc-i-exact by virtue the homology 
regularity condition. Therefore, A^^. is reduced only to the summand Gr^. linear in antifields. 
It follows that the Lagrangian Li (4.6) is linear in antifields. In this case, we have 

for all indices A and rk and, consequently, 

i.e., is the graded derivation v (5.2) defined by the Lagrangian (5.22). Then the nilpotency 
condition v'^{v^) — takes the form 

v%^^{2)) = Q, i;°(?''=(£)) = 0. 

Hence, we obtain 

v%£) = v'(d^{2)sA + 7''M'2)c.J = 0, 

i.e., v° is a variational supersymmctry of the Lagrangian (5.22). Thus, it satisfies the master 
equation in accordance with Proposition 5.1 □ 

Since the summand Li of the Lagrangian (5.22) is linear in antifields, the Lagrangian 
(5.22) up to a (i//-exact term can be written in the form 

£u; ^ L + u^sa+ Y1 K'"' +r'"')cr-fc_i^^, (5.23) 
i<fe<Ar 

which is also a solution of the master equation. 
6 Example 

We address the topological BF theory of two exterior forms A and B of form degree |/l| + |i?| — 
dimX — 1 on a smooth manifold X [9]. It is a reducible degenerate Lagrangian theory 
[4]. Since the verification of the homology regularity condition in a general case is rather 
complicated, we here restrict our consideration to the simplest example of the topological 
BF theory when A is a function [6]. 
Let us consider the fiber bundle 

X 
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coordinated by (x^, A, S^i...;u„_J and provided with the canonical {n — l)-form 

B = - — ^-^Ba, „ .dx''' A ■ ■ ■ A dx^'^-K 
(n-1)! ^^•■■''"-i 

The Lagrangian and the Euler-Lagrange operator of the topological BF theory in question 
read 

Lbf = -AdnB, (6.1) 

n 

SL^dAASuj + rf5^i...^„_i A ^^i-^-^o;, 

S = e'"''-^--'d^B^,...^„_^, = -e'^'^^-^^^-^d^A, (6.2) 

where e is the Levi-Civita symbol. 

Let us extend the BGDA 0*^Y to the BGDA V^^*; Y] where 

VY = YxY, Y* = CRx "a^ TX) O A T*X 

X XX 

This BGDA possesses the local basis {A, s, s'^i - '^"-^}, where s^s^i - Mn-i are odd 

antifields of antifield number 1. With the nilpotent Koszul-Tate differential 

- d d 

§ — _| ^ C/LH-./Jn-l 

we have the complex (3.3), 

^ Im 5 ^ P^"[F*; y]i ^ :p^"[F*; y]2. 

A generic one-chain reads 

0<|A| 



and the cycle condition 5$ = takes the form 

■ //i.../i„_i'-'A 



^^^A + <....„_,C-""-^ = 0. (6.3) 



If and are independent of the variational derivatives (6.2) (i.e., $ is a nontrivial 

cycle), the equality (6.3) is spht into the following: 

The first equality holds iff = 0, i.e., there is no Noether identity involving E. The second 
one is satisfied iff 

^Al...Afc /i/il.../i„_l _ ^IJ.\2 - >^k fT-^lMl-'-Mn-l 



It follows that $ factorizes as 



0<|S| 
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via local graded densities 

^ - ^Qi...a„_i -^A ■''q„_i^A — "i^iS , l,D-4j 

which provide the complete Noether identities 

The local graded densities (6.4) form the basis for a projective C°°(X)-module of finite 
rank which is isomorphic to the module of sections of the vector bundle 

— * n—2 n n— 2 

y = A TX^A T*X, V = A T*X. 

X 

Therefore, let us extend the BGDA V;^[Y*;Y] to the BGDA P^{0} = V;^[Y*;Y;V] pos- 
sessing the local basis {A, s, - c'*^ - '*"-!}, where c'^a-Mn-i g^^g gygjj antifields 
of antifield number 2. We have the nilpotent graded derivation 

of V^{0}. Its nilpotency is equivalent to the Noether identities (6.5). Then we obtain the 
one-exact complex 

^ Im 5 ^ P^"[F*; r]i ^ P^"{0}2 ^ PS;"{0}3. 

Iterating the arguments, we come to the {N + l)-exact complex (3.24) for A?" < n — 3 as 
follows. Let us consider the vector bundles 

= "XV*X, k = l,...,N, 

and the corresponding BGDA P^{Ar} = ^^[...l/aKF ; F; 1/1^2 ^4-], 

possessing the local 

basis 

1^5 -'-^/^l.-./in-l ) "'i 5 ) • • • ) j! 

[c/^fc+2...Mn-i] = (A; + l)mod2, Ant[c'"=+2-''"-i] + 
It is provided with the nilpotent graded derivation 

l<k<N 

of antifield number -1. Its nilpotency results from the Noether identities (6.5) and the 
equalities 

d^^^.N^^^-'-''-- =0, A; = 0, . . . , A^, (6.7) 
which are /c-stage Noether identities [4]. Then the manifested (A^ -|- l)-exact complex reads 

^ im 5 ^ P^-[F*; y]i ^ P^-{0}2 ^ P^"{1}3 • • • (6.8) 
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It obeys the following (A'" + 2)-liomology regularity condition (see Appendix B for the proof). 

Lemma 6.1. Any {N + 2) -cycle $ G V^^''{N — l}Ar+2 W to a 6N-i-boundary takes the form 

V T , , , (6.9) 

fci+-+fc,+3i=Ar+2 0<|Ai|,...,|A,| ^+ 

(iA,A''^i+2-''"-i • • • (iAiA''''=i+2-''"-iu;, -1,0,1,. ..,N, 

where A; = -1 stands for c^^ -^''-^ = gm...;i„-i ^^^j ^w /^n-i ^ £;Mi-Mn-i It follows that $ is 
a 5 N -boundary. 

Following the proof of Lemma 6.1, one can also show that any {N + 2)-cycle $ e 
T^^{^}n+2 up to a boundary takes the form 

0<|A| 

i.e., the homology Hn+2{Sn) of the complex (6.8) is finitely generated by the cycles 
Thus, the complex (6.8) admits the {N -\- 2)-exact extension (3.31). 

The iteration procedure is prolonged till N — n — 3. We have the BGDA V*{n — 2}, 
where Vn-2 — X xB.. It possesses the local basis 

/ /l R -j/il-.-Mn-l 7^2...Mn-l 7^n-l ^\ 

-^/il.../i„_l ) "5) "5 ) <^ ) • • • ) )"^/) 

where [c] = (n — l)mod 2 and Ant[c] = n + 1. The corresponding Koszul-Tate complex reads 



3 ■ ■ ■ 

— - 3}n-l ^ - 2}n ^ ^^n^ - 2}„+l. 



Let us enlarge the BGDA V*{n - 2} to the BGDA P*{n - 2} (4.2) possessing the local 
basis 

JAR r n n '5 -jMl-'-Mn-l 7;M2---Mn-1 T^Mn-l 7;! 

-'-'/il...iU„_l ) L,/U2---/in-l '"/in-l ' 1 ■ ■ ■ 1 I'^ll 

where Cj^j - ^in-n ■ ■ ■ > ^Mn-n corresponding ghosts. Let us extend the Lagrangian Lbf 

(6.1) to the even graded density 

Le = LBF + I^i = IvBF + [ E W-Mn-iA^'+'-''""'+cA]u;= (6-10) 

0<fc<n-3 

l<fe<n-3 

Since the graded density Li is independent on A and the relation (5.11) holds and, 

therefore, Le (6.10) is a solution of the master equation. 
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7 Appendix A 



We start the proof of Theorem 2.2 with the following algebraic Poincare lemma. 

Lemma 7.1. IfY = M"^+"* — > M", the complex (2.12) at all the terms, except is exact, 
while the complex (2.13) is exact. 

Proof. This is the case of an affine bundle Y, and the above mentioned exactness has been 
proved when the ring O^Y is restricted to the subring V^Y of polynomial functions (see 
[18], Lemmas 4.2 - 4.3). The proof of these lemmas is straightforwardly extended to O^Y if 
the homotopy operator (4.5) in [18], Lemma 4.2 is replaced with that (4.8) in [18], Remark 
4.1. □ 

The proof of Theorem 2.2 follows that of [18], Theorem 2.1. We first prove Theorem 2.2 

for the above mentioned BGDA T{%*^[F;Y]). Similarly to S^[F;Y], the sheaf %*^[F;Y] 
and the BGDA r(T^[F; Y]) are split into the variational bicomplexes, and we consider their 
sub complexes 

O^R^ Y] ^ %l'[F; Y]--.^ ^^^[F; F] ^ €i, (7.1) 

^ T^°[F; Y] ^ %'J[F; Y]---^ %'S[F; Y]^€,^ 0, (7.2) 
0_^M_rCl^[F;r])^r(T°^i[F;F])---^r(T^"[F;F])^r(€i), (7.3) 
^ r(T^°[F; Y]) ^ rCl^i[F; Y]) ■ ■ ■ ^ r(X^"[F; Y]) T{€,) 0, (7.4) 

where (Bi — g{'Z^[F]Y]). By virtue of Lemma 7.1, the complexes (7.1) - (7.2) at all 
the terms, except M, are exact. The terms Tj^*[-F;y] of the complexes (7.1) - (7.2) are 
sheaves of r(T^) -modules. Since J°°Y admits a partition of unity just by elements of 
r(T^), these sheaves are fine and, consequently, acyclic. By virtue of the abstract de 
Rham theorem (see [18], Theorem 8.4, generalizing [22], Theorem 2.12.1), cohomology of the 
complex (7.3) equals the cohomology of J'^Y with coefficients in the constant sheaf M and, 
consequently, the de Rham cohomology ofY, which is the strong deformation retract of J°°Y. 
Similarly, the complex (7.4) is proved to be exact. It remains to prove that cohomology of 
the complexes (2.12) - (2.13) equals that of the complexes (7.3) - (7.4). The proof of this 
fact straightforwardly follows the proof of [18], Theorem 2.1, and it is a slight modification of 
the proof of [18], Theorem 4.1, where graded exterior forms on the infinite order jet manifold 
J°°Y of an affine bundle are treated as those on X. 

8 Appendix B 

In order to prove Lemma 6.1, let us choose some basis element c^k+2-nn-i g^^^j denote it 
simply by c. Let $ contain a summand 0ic, linear in c. Then the cycle condition reads 

5jv_i$ = Sn-i{'^ - (pic) + i-l f^SN-i{(pi)c + (pA = 0, A = Sn-ic. 

It follows that $ contains a summand ipA such that 
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This equality implies the relation 

01 = (-l)["l+^5;v-i(^) (8.1) 
because the reduction conditions (6.7) involve total derivatives of A, but not A. Hence, 

$ = $' + 5;V-l(V'c), 

where $' contains no term linear in c. Furthermore, let c be even and $ has a summand 
4>rC^ polynomial in c. Then the cycle condition leads to the equalities 

0rA = — (5jv-10r-l, r > 2. 

Since 0i (8.1) is 5jv_i-exact, then 02 = and, consequently, (f)r>2 — 0. Thus, a cycle $ up 
to a (^AT-i-boundary contains no term polynomial in c. It reads 

fci+-+fci+3j=JV+2 0<|Ai|,...,|Ai| " 

However, the terms polynomial in c may appear under general covariant transformations 



^ (jet(— -.)- 



of a chain $ (8.2). In particular, $ contains the summand 

'^fcl+2---'^n-l'---.%+2---^n-l ' 

fei+-+fei+3i=Ar+2 

which must vanish if $ is a cycle. This takes place only if $ factorizes through the graded 
densities A'^'=+2 - '^"-i (6.6) in accordance with the expression (6.9). 
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